Abstract. We reformulate the concept of left thickness in a semigroup introduced by H. Junghenn in Amenability of function spaces on thick subsemigroups, Proc. Amer.
1. Introduction. Let S be a semigroup and T a subset of S. T is said to be left thick in 5 if for each finite subset a in S, there is some s E S such that os C T. In 1965, T.
Mitchell [11] showed that if S is left amenable, then T is left thick in S if and only if there is some left invariant mean m on the bounded functions B(S) on S such that m(iT) = 1 where £T is the characteristic functions of T. Recently, H. Junghenn [9] extended this concept to left F-thickness (or F-left thickness) with respect to a left introverted left invariant norm closed subalgebra F of B(S) and obtained similar characterisations of left F-thickness without assuming a priori left amenability of F.
In this paper, we shall reformulate Junghenn's definition of left F-thickness and obtain a number of interesting new characterisations, again without the left amenability assumption. On the other hand, these characterisations (e.g. the Dixmier's Criterion and Localisation Theorem, see §3 below) closely resemble some well-known characterisations of left amenability on semigroups. We also sharpen some of the results in Junghenn [9] . In particular we show that T is left thick in S if and only if the closure of T is left thick in the closure of S, where the closure is taken in some suitable topology. 2 . Terminologies. For terminologies in analysis on semigroups, we shall follow Junghenn [9] except that the characteristic function of T is denoted by £r and not by XT (which stands for the characteristic functional of T; see Wong [16] ). Let S be a semigroup and F a left invariant linear sublattice of the bounded functions B(S) containing the constants. However, unlike in Junghenn [9] , F need not be a left introverted norm closed subalgebra (which is necessarily a sublattice). A subset T in S is called left F-thick (or F-left thick, as in [9] ) if for each e > 0, each g G F(T) -{/G F: ¿t-ïS/ss 1} and each finite subset a = {j,, s2,...,sk) C S, there is some s E S such that g(s¡s) > 1 -e for all 1 < i < k. Also, define e(
the weak* (i.e. a(F*, F)) closure of e(T) in F* and let M(F) be the set of all means on F.
3. Main results. We first improve upon some of Junghenn's results in [9] .
Theorem 3.1. Let T be a subset in S. Then the following four statements on T are equivalent.
(a) T is left F-thick. Proof. As in [9] . Note that left introvertedness ensures that the Arens product is well defined. Remarks. (1) The above theorems clearly strengthen the result in Junghenn [9, Theorem 1]. Indeed, Theorem 3.1 does not require F to be a subalgebra of B(S). This opens up possible extensions to topological left thickness of subsets in a locally compact semigroup S with respect to topological left invariant linear subspaces of M(S)* (the adjoint of the measure algebra M(S)) which is not an algebra under pointwise operations. This will be dealt with in another forthcoming paper.
(
2) The characterisation (g) is new. In fact Theorem 3.3 remains valid if (g) is replaced by (g,): Cl e(T) is left W-thick in S, where W is any left invariant norm closed subalgebra of B(SX) containing F -C(SX).
The same proof will suffice. In particular, one can take W = WF, the norm closed left invariant subalgebra of B(SX) generated by C(SX). Note that in general WF may contain non continuous functions on Sx, since S,, though weak* compact, is not a topological semigroup because multiplication in S, is not in general separately continuous in the weak* topology. (As a result, C(SX) may not even be left translation invariant!) However, if F-W(S), the weakly almost periodic functions on S, then 5, is a compact (separately continuous) semigroup by Kharaghani [10] . In this case WF = C(5,) and left F-thickness of T is equivalent to left C(S, )-thickness of Cl e(T). Let 77r be the linear subspace of functions in F of the form 2"= x a¡L(s¡)g¡, a, real, j, G S, 0 < g, < £r, g, G F, 1 < i < », n = 1,2,_(77t-is the linear space generated by 0L(T) = [L(s)g: s E S, g E F, 0«g< £r}.) If F is an algebra, we define KT as the ideal of all functions in F of the form 2"=1 fiL(si)gi, f" g, G F, 0 < g, < ¿r, s, € S, 1 < i < », « = 1,2,.... (í:r is the ideal generated by Ot(F).) Theorem 3.5. If F is a lattice, then the following statements are equivalent:
(1) T is left F-thick. 
